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ABSTRACT  

The most important to model time-to-event phenomena in actuarial science, survival analysis, and reliability 

engineering among other applications are life distributions. They provide a statistical context to analyze the 

distribution of lifespans, operating periods, and failure probabilities of systems or species. Key life 

distributions that are flexible in expressing a wide range of hazard rate characteristics such as exponential, 

Weibull, log-normal, and gamma are commonly applied. These distributions are very useful in actuarial 

calculations, maintenance optimization, medical research, and failure rate prediction. This paper discusses 

the characteristics of life distributions, estimation techniques, and asymptotic behaviors as it reviews their 

practical applications in engineering, medicine, and other disciplines. 

Keywords:  Life distributions, various fields, reliability engineering, survival analysis, actuarial science, 

exponential, Weibull, log-normal, gamma, hazard rate behaviors. 

1. INTRODUCTION 

There is a class of statistical distributions called "life distributions" that simulate how long something will 

take to happen, especially how long an object, system, or organism lasts or functions. These come into play 

where discourses entail forecasting failure times or life expectation of different things, including biostatistics, 

survival analysis, and reliability engineering. Life distributions are mathematically represented by PDFs that 

indicate the probability that an object or system will survive until a given point in time, and their CDFs, 

which indicate the likelihood that the system would perish before that point. 

The most commonly used life distributions are probably the exponential distributions. These are 

characterized by having a constant hazard rate; in other words, the probability of failure in the next time 

period is independent of how long the object has been operational. As such, the exponential distribution is 

an obvious model for systems that are, in reality, failure independent and random over time, like radioactive 

decay or certain electrical components. The probability density function of this object is given by f (t) = λe−λt 
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where λ The rate parameter is a characterization of the memoryless process that describes a system whose 

remaining lifespan is independent of its operational time. 

The Weibull distribution allows the hazard rate to vary with time so it generalizes the exponential distribution. 

Due to its ability to model various failure rates, this is one of the most flexible and widely applied life 

distributions. The Weibull distribution λ is composed of two parameters: a scale parameter and a shape 

parameter k. If k=1, the Weibull distribution becomes the exponential distribution, which shows a constant 

hazard rate. This is the shape parameter that determines how the hazard rate behaves. The hazard rate 

decreases over time if it decreases, which means early life failures or infant mortality. An increasing hazard 

rate when k > 1 indicates wear-out failure. 

The other important life distribution that comes from a lognormally distributed logarithm of the life variable 

is the log-normal distribution. When the times to failure depend on a multiplicative combination of several 

independent causes that affect the systems under consideration, this distribution is very useful. In complex 

system dependability studies, it is commonly used when the time to failure is a result of several small, 

independent random processes, each having its own distribution. An example of positively skewed data could 

be modeled using the log-normal distribution, which is characterized by its mean and variance in the log-

transformed space and has a skewed shape. 

The family of distributions Gamma encompasses special cases of exponential and chi-squared distributions, 

which are defined by two parameters: a rate parameter (λ) and a shape parameter (k). The Gamma distribution 

is frequently used to model systems that go through many stages of failure, each of which has a different 

exponential lifetime. It is particularly useful in modeling the waiting time until a sequence of failures occurs 

or the time until the first failure in systems that experience a series of independent events. In general, the 

Gamma distribution is parameter-dependent and can be used to simulate almost any hazard rate behavior. 

1.1. Overview of Applications 

Life distributions are used in many different domains, many of which make use of their capacity to model 

and forecast the occurrence of events in populations, systems, or processes. By modelling the lifespans of 

systems, parts, and products, reliability engineers may better design long-lasting products, optimize 

maintenance plans, and increase safety. Inferring when infrastructure, machinery, and electronic components 

are likely to fail so that preventive maintenance can be undertaken and unscheduled downtime reduced is an 

application of these life distributions. Survival analysis is the basis for life distributions in medical research 
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as they help calculate patient survival periods, evaluate therapy effectiveness, and guide clinical decision-

making. They are, for instance, utilized to model the progression of cancers and estimate the number of years 

a person is expected to survive for several other factors. In actuarial science, life distributions are required to 

calculate the liabilities of pension plans, life expectancy, and the cost of life insurance policies. They enable 

actuaries to quantify the monetary risks associated with offering insurance cover and thus ensure that 

insurance products are costed with future claims factored in. In environmental research, the life distributions 

are often utilized to simulate the lifespan of the ecosystems, species, or environmental systems in order to 

aid resource management and planning for conservations. Also, life distributions are found in applied 

disciplines like engineering and economics to simulate how long economic events will last-technical changes 

or the period of time to market crises, for instance. Life distributions are powerful in helping to understand 

the likelihood and timing of events for each of these, providing thus an improved planning, risk management, 

and decision-making. 

1.2. Research Objectives 

 To study the aging properties, including Increasing Failure Rate (IFR) and Decreasing Failure 

Rate (DFR), in relation to the practical implications for system maintenance and reliability. 

 To evaluate the application of extended lifetime distributions in estimating the lifespan of 

financial assets and optimizing risk assessment models in the insurance industry. 

 To investigate the suitability of extended lifetime distributions for modeling complex failure 

rates in engineering systems with varying operational conditions. 

2. LITERATURE REVIEW  

Cohen and Whitten (2020) provided an excellent review of parameter estimation techniques in lifespan and 

reliability models, including significant techniques to assess the performance and lifetime of systems and 

their components. Their work has demonstrated how accurate parameter estimation is crucial to the proper 

modeling of life distributions, like Gamma, Weibull, and Exponential distributions, commonly applied in 

survival analysis and reliability engineering. They compared some of the well-known estimation techniques 

that include Bayesian estimation techniques, least squares estimation technique and maximum likelihood 

estimation method MLE and thereby highlighted some of its limitations and strengths based upon conditions 

and outlined how elaborate statistical analysis can reduce negative impact of the data being censored. Further, 

they considered sample size as well as variation of data against estimated parameters. They also came up 

with guidelines on the best choice of estimation methods. From this discussion, Cohen and Whitten's 
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contribution was very impressive in enriching the field since it made such forecasts more accurate in real 

applications. 

Giese et al. (2018) evaluated threats, emissions, and the level of environment of ENMs with regards to this 

highly held fear about what likely impact it may produce to human health and to the ecosystems. The 

researcher went about this by carefully searching over several activities that include product degradation 

through industrial practice and all those waste disposal activities via which ENMs have reached and released 

into the environment. It also assessed factors that determine ENM levels in various compartments of the 

environment; these include the soil, water, and air. The authors underscored knowledge gaps regarding ENM 

behavior and interactions in natural ecosystems and underlined the need for comprehensive risk assessments 

to evaluate the potential ecological and toxicological impacts of ENMs. Giese et al. (2018) proved helpful 

for the environmental fate of ENMs by reporting case studies and summarizing literature already reported, 

which showed a requirement to design regulation frameworks and monitor plans in order to restrict the 

release of these nanomaterials and mitigate potential hazards. The study further decided to standardize 

measurement techniques to quantify ENMs in the ambient samples, along with long-term exposure risk 

assessments. 

Wang et al. (2018) proposed hybrid prognostics method was used for the estimation of remaining useful life 

of a rolling element bearing. Being an important part of various industrial systems, the research improves the 

precision and reliability in the prediction of RUL using the combination of physics-based techniques and 

data-driven models. They developed a framework that merged vibration signal analysis with SVM and 

machine learning algorithms in order to identify defect features and, subsequently, to forecast the failure of 

bearings. In so doing, they were able to overcome the complexity and uncertainty of real operating conditions 

that posed major challenges. According to the observations, the hybrid approach was reported to outperform 

traditional approaches and yield more accurate RUL estimation for bearings in different operation conditions. 

The study added much to the world of predictive maintenance by providing a more reliable approach towards 

condition-based rolling element bearing monitoring and maintenance. 

Wang et al. (2018) demonstrated the future prospect of a low cost long life energy storage technology with 

the presentation of the first-ever zinc-ion hybrid supercapacitor. It highlights increased demand for low-cost 

products for energy storage, focusing more on renewable energy application integrated with such products. 

Other than traditional supercapacitor and lithium-ion battery techniques, here author proposed the 

development of an especially cheaper method zinc-ion hybrid supercapacitor ZHS for enhanced cycle life 
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performance. They demonstrated their findings of good electrochemical performance, high specific 

capacitance, and long cycle stability of ZHS that makes it excellent for the large-scale energy storage 

applications. The study based on zinc's wide availability, cost-effectiveness, and environment friendliness 

underlined using it as an electrode material. The results showed that zinc-ion hybrid supercapacitors could 

replace the disadvantages of existing energy storage technologies with a more affordable and eco-friendlier 

alternative for a wide range of applications, from grid storage to portable electronics. 

Attia et al. (2020) carried out their study on the closed-loop optimization of battery fast-charging techniques 

using machine learning in enhancing charging effectiveness and preventing damage to the battery system. 

Scientists used a machine learning framework to optimize the charging procedure and solve critical problems 

such as deterioration in the battery due to rapid charging. Their method significantly increased charging speed 

with minimal damage risk, incorporating real-time data to update the charging procedures according to the 

status of the battery and usage conditions. This developed a dynamic system that continued to update the 

charging parameter by incorporating machine learning and closed-loop control, hence making this study 

different from the others, which had researched other facets of charging the battery. This innovative approach 

built our understanding of the battery performance and life because it allowed a better, more environment-

friendly way of handling the fast-charging process. The study findings by Attia et al. (2020) form part of the 

ever-growing number of studies on the applications of artificial intelligence in energy storage systems and 

offer comprehensive information for future designs of the battery management systems. 

 

3. KEY PROPERTIES OF EXTENDED LIFETIME DISTRIBUTIONS 

This function provides a large number of the fields and applications of such probability distributions within 

actuarial science, survival analysis, and reliability analysis. Fields such as actuarial science, survival analysis, 

and reliability analysis use extended lifetime distributions to describe the lifetime of some system or living 

creature that fails or dies. Realization and analysis of real-world phenomena require appropriate 

understanding of fundamental properties that will be in these distributions as described next. 

1) Moment Properties (Mean, Variance, Skewness, Kurtosis) 

The moment properties can be used to summarize the qualities of a distribution. These characteristics provide 

essential information about the shape, dispersion, and central tendency of the lifetime distribution. 
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 Mean: 

The average value of a lifetime random variable T is called the mean or expected lifetime. It can be considered 

a measure of where the "center" is, that is, how close lifetimes tend to be clustered. For a probability density 

function f(t) on an extended lifetime distribution the mean is: 

 = 𝐸[𝑇]  =  ∫ 𝑡𝑓 (𝑡) 𝑑𝑡
∞

0

 

 Variance: 

The dispersion or spread of the lifetime distribution is the variance. Variance computes the difference for 

each individual's lifetime from the mean. This is how σ2, or the variance, is calculated: 

𝜎2  =  𝐸 [𝑇2]  − (𝐸[𝑇])2  

where E[T2] is the lifetime distribution's second moment, which can be found using: 

𝐸[𝑇2]  =  ∫ 𝑡2∞

0
𝑓(𝑡) dt 

 Skewness: 

Skewness measures the distribution's asymmetry. A positive skew indicates that the right tail of the 

distribution is longer than the left tail; it is the opposite when the skew is negative. The formula for skewness 

γ1 is as follows: 

𝛾1  =  
𝐸[(𝑇 −  𝜇)3 ]

𝜎3
 

 Kurtosis: 

Kurtosis quantifies the distribution's "tailedness"—that is, its tendency toward extreme values or outliers. It 

measures the weight of the distribution's tails. The definition of the kurtosis γ2 is: 

𝛾2  =  
𝐸[(𝑇 −  𝜇)4 ]

𝜎4
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Heavy tails (leptokurtic) are indicated by kurtosis values larger than 3, whilst lighter tails (platykurtic) are 

indicated by values less than 3. 

2) Estimation Methods for Parameters 

Fitting these models to observable data requires estimating the parameters of extended lifetime distributions. 

There are two popular approaches to parameter estimation: 

 Maximum Likelihood Estimation (MLE): 

The Maximum Likelihood Estimation technique estimates parameters by optimizing the likelihood function. 

The likelihood function is defined as the probability of observing the given data as a function of the 

distribution parameters. Because MLE often gives effective, asymptotically unbiased estimates, it is often 

used. 

Based on the data observations t1, t2,.,tn, the likelihood function L(θ) of a lifetime distribution with the 

parameter vector θ is: 

𝐿 (𝜃)  =  ∏ 𝑓 (𝑡𝑖 |𝜃)

𝑛

𝑖 = 1

 

This likelihood function is maximized, or solved, to produce the MLE estimations.: 

𝜃𝑀𝐿𝐸 = 𝑎𝑟𝑔 𝑚𝑎𝑥
𝜃

𝐿 (𝜃) 

This technique guarantees that, given the calculated parameters, the observed data is most likely. 

 Method of Moments: 

The sample moments (for example, the sample mean, variance, etc.) are equated to the theoretical moments 

of the distribution for estimating the parameters by using the Method of Moments. Using this method, 

equations based on the distribution's moments are put up, and the parameters are solved. 

For example, the sample moments for a distribution's first moment, or mean, and second moment, or 

variance, are: 
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𝜇̂  =  
1

𝑛
 ∑ 𝑡𝑖𝑛

𝑖= 1    and   𝜎2̂  =  
1

𝑛
 ∑ (𝑡𝑖  −  𝜇̂)2𝑛

𝑖 = 1  

The parameters can be found by equating these sample moments to the theoretical moments of the 

distribution. 

3) Asymptotic Behavior of Lifetime Distributions 

A lifetime distribution's asymptotic behavior describes the behavior of the distribution when its lifetime 

grows, usually indicative of the long-term behavior of the system or failure processes. This is particularly 

important when modeling systems that may have long lifetimes or are aging. 

 Tail Behavior: The tail of a lifetime distribution, or the chance that a given lifespan exceeds 

a large number, is found using asymptotic analysis to establish the behavior of the tail. For example, 

for Weibull distributions, depending on the shape parameter, the distribution can either have 

polynomial, exponential, or other types tails, but an exponential distribution possesses an exponential 

tail. 

 Asymptotic Properties: For lifetimes that exhibit very slow decay in the probability of failure 

with time, the survival function may decay like t−k for large t in certain lifetime distributions-such as 

ones with power-law behavior. 

4) Aging Properties 

Aging qualities in this paper refer to the rate with which a system's failure varies over time. The three primary 

areas of importance are the simulating of aging biological beings, electronics, and mechanical components. 

 Increasing Failure Rate (IFR): 

An increasing failure rate, denoted by IFR, is the fact that as time passes, the likelihood of failure increases. 

In degrading systems, this is usual. The hazard function h(t) is mathematically said to be increasing if: 

ℎ′ (𝑡)  >  0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 > 0 

The failure rate of several lifetime distributions, including the Weibull distribution with shape parameter β 

>1, increases with age, suggesting that the system is more prone to fail. 
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 Decreasing Failure Rate (DFR): 

A decreasing failure rate (DFR) indicates a gradual decrease in the probability of failure. This is often 

observed in systems that initially experience "infant mortality" (early failures) before leveling off. The hazard 

function h(t) is mathematically expressed to be decreasing if: 

ℎ′ (𝑡)  <  0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 <  0 

While some lifetime distributions, such as the exponential distribution, have a constant failure rate, others 

may exhibit declining failure rates, especially if the system has early-stage failures or improves over time. 

 Increasing Mean Residual Life (IMRL): 

A system which is IMRL has an expected remaining lifetime that increases with time. This is very often the 

case with "aged" or renewed systems, when the probability of failure decreases with time. 

The definition of the mean residual life M(t) at time t is: 

𝑀 (𝑡)  =  𝐸[𝑇 −  𝑡 | 𝑇 >  𝑡 ] 

M′(t) > 0 a distribution must have an increasing mean residual life if it is required. The growing mean residual 

life feature is really important in the application areas where systems improve or stabilize beyond some age, 

such as reliability testing and survival analysis. 

4. APPLICATIONS OF EXTENDED LIFETIME DISTRIBUTIONS 

Extended lifetime distributions can be used to suit the many applications which could make it practical to the 

real-world conditions in place of the traditional application when just traditional ones seem not sufficient. 

Below is the complete analysis of major areas under discussion: 

1. Reliability Engineering and Life Testing 

 Modeling Failure Rates in Complex Systems 
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In reliability engineering, extended lifetime distributions are necessary to simulate the time to failure of 

intricate components and systems. Extended distributions, unlike standard models, are more suitable for real 

data since they can capture different failure rates, like rising, falling, and bathtub-shaped hazard rates. 

 

Figure 1: Software Failure Curve in Software Engineering 

 

For example, calculating the lifetime of electrical parts in a high-stress environment with consideration for 

wear and early-life failures. 

2. Applications in Healthcare and Biology 

 Modeling Survival Data in Medical Research 

In this context, the simulation of the number of years left to a particular event like death, recurrence of illness, 

or recovery is achieved through extended lifetime distributions within survival analysis studies. They permit 

the holding of more flexibility in medical research investigations considering that the data may be either left 

censored or right censored. 

For instance, one example would be to compare the survival time in different treatment programs for cancer 

patients. 
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 Predicting Patient Lifespan and Disease Progression 

With these distributions, with their clinical and demographic basis, it makes it easier for the remaining 

lifespan of a patient to be estimated. They are also helpful in the process of diagnosis and the planning of 

therapy through modeling the chronological progression of chronic diseases. 

A classic example is a case where determining the time duration for the progression-free survival of patients 

who have been suffering from heart failure for an extensive period of time. 

3. Economic and Financial Applications 

 Modeling Lifetime of Financial Assets 

There are several factors affecting the lifetimes of financial products such as loans, bonds, and investment 

products. These can be market conditions, customer behaviors, and changes in regulatory policies among 

others. Using extended lifespan distributions is one of the established strategies that can be utilized for the 

intent of simulating these multifaceted lifetimes and enhancing financial plans. 

 

Figure 2: A broad model of financial asset impairment 

 Risk Assessment in Insurance 

Quantify risks associated with a life or covered events by applying an insurance company with lifed extended 

distributions. This application makes them work, for instance in deciding about reserve and price guidelines 

determinations. 
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For instance, it would try to mimic the time span before a claim is submitted for long-term insurance such as 

life or annuity insurance. 

4. Engineering Applications 

 Component Lifetime Predictions 

The possibility of predicting lifespan and durability of engineering parts under different conditions is a 

potential of extended lifespan distribution. This considers various things, such as environmental influences, 

operational stress, as well as material fatigue, which might affect the behavior of these parts. 

For instance, predict for how long a turbine blade of an airplane engine is likely to serve its intended purpose. 

 System Reliability and Maintenance Planning 

These distributions project the system's reliability over time; these help in the decision-making process 

regarding maintenance. Then, it ensures that scheduling of preventive maintenance is effective, and hence, 

both operational expenses and downtime decrease. 

For instance, the lifetime models can be used in optimizing the programs related to power plant equipment 

to achieve good availability. 

5. CONCLUSION  

The modeling and analysis of time-to-failure and survival events in a wide range of fields including biology, 

healthcare, finance, and reliability engineering rely greatly on extended lifetime distributions. Extended 

lifetime distributions allow complex systems and processes to model moment qualities, asymptotic trends, 

and changing failure rates for an understanding of such systems and processes. When strong parameter 

estimates methods like the Maximum Likelihood estimate and the Method of Moments are used, these 

distributions give exact fits to the real data. This can then be used for precision in forecasting and decision-

making. Its applications suggest that it is adaptable and useful; from applications predicting financial risks 

and projecting the reliability of a system along with maintenance planning, to applications that measure 

survival times in medical research. These and others show its flexibility and power. They are highly useful 

for developing analytical methods and obtaining improved accuracy in predictions by a vast range of 

diversified applications due to their flexibility and extensive applicability. 
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